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An Implicit Form for the Osher Upwind Scheme
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Conservative upwind schemes for the Euler equations, such as the Osher scheme, accurately resolve flow
discontinuities and correctly model the physics of the problem. However, these schemes require many more
arithmetic operations per integration step than simple central-difference schemes and hence, result in large com-
puting times. An implicit version of the first-order- and second-order-accurate Osher schemes in two spatial
dimensions and generalized coordinates is developed in this study. Because implicit schemes permit the use of
large integration steps, in many cases they require fewer integration steps to reach steady-state (especially in
calculations on grids with widely varying mesh-cell sizes). The implicit scheme developed in this study ac-
celerated convergence speeds by almost an order of magnitude in the problems considered. Test cases include
quasi-one-dimensional nozzle flow and supersonic flow past a cylinder.

Introduction

WITH the advent of conservative upwind schemes, such
as the Osher scheme,1'2 complex flowfields containing

flow discontinuities (e.g., shocks and slip surfaces) can be
simulated numerically with minimal effort3 (as opposed to
shock-fitting schemes which require extensive, problem-
dependent logic to be built into the program to treat discon-
tinuities). The conservative nature of such schemes permits
users to resolve flow discontinuities accurately without hav-
ing to treat the discontinuities in a special manner (shock
and slip surfaces are "captured" automatically). Conser-
vative central-difference schemes can also be used to capture
shocks; however, they often require the use of arbitrary
smoothing parameters to stabilize the calculation and cannot
be relied upon to capture strong shocks, i.e., where the
pressure ratio across the shock is greater than 10.0. Upwind
schemes, on the other hand, have been used to capture ex-
tremely strong shocks and do not require the use of arbitrary
parameters. Shocks with pressure ratios of approximately
75.0 have been captured with ease.2 To capture shocks of
this strength with a central-difference scheme would require
excessive smoothing, which in turn would degrade the solu-
tion considerably. Consequently, central-difference schemes
are not as robust as upwind schemes and also do not model
the physics of the problem as accurately as upwind schemes.

In general, upwind schemes can be expected to yield
results that are superior to those obtained with central-
difference schemes (because of the reasons mentioned
previously). However, this improvement in the quality of the
numerical solution is obtained at the expense of program-
ming simplicity and computational speed. Typically, upwind
schemes require many more arithmetic operations per in-
tegration step than simple central-difference schemes and,
hence, their use results in larger computing times. Therefore,
it is advantageous to be able to take integration step sizes
larger than those possible with explicit upwind schemes so
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that the final solution is obtained in fewer integration steps
and at lower computational cost (i.e., lower than the cost in-
curred with an explicit scheme).

The Osher scheme is a robust, conservative, upwind
scheme with excellent shock-capturing capability. References
1 and 2 present the first-order- and second-order-accurate ex-
plicit Osher schemes. The explicit nature of these schemes
restricts the maximum allowable integration step size in the
usual way. An implicit form for the first-order- and second-
order-accurate versions of the Osher scheme is presented
herein. The equations are developed in one and two spatial
dimensions (and in generalized coordinates for the two-
dimensional case). The convergence rate was increased by
about an order of magnitude for most of the problems con-
sidered. Test cases include quasi-one-dimensional nozzle flow
and supersonic flow past a cylinder.

The Implicit Scheme
The Implicit Scheme in One Spatial Dimension

Consider the unsteady Euler equations in one dimension:

The vectors Q and E are given by

" p " pu

pu , E = p + pu1

e ^ ^ (e+p)w
Q =

(1)

(2)

where p is the density, p the pressure, u the velocity in the x
direction, and e the total internal energy per unit volume,

(3)

A conservative finite difference scheme for Eq. (1) can be
written as

AJC
(4)
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where Ef+l/2 is the numerical flux consistent with the
physical flux E. The difference scheme [Eq. (4)] is explicit
when m = n and fully implicit when m = n + 1 .

The numerical flux for the first-order-accurate Osher
scheme1 is given by

Also, let

To evaluate the integral in Eq. (5), two intermediate points
are introduced between the points / and / + 1 . They are
denoted as points /+1/3 and / + 2/3, as shown in Fig. 1.
These intermediate points lie in phase space and define three
subpaths along which the integral is evaluated. Each subpath
is associated with a particular eigenvalue of the Jacobian
matrix dE/dQ and a set of Riemann invariants. The Rie-
mann invariants of a given subpath remain constant along
the subpath. This property is utilized in calculating the
dependent variables and fluxes at the points /+1/3 and

The values of the dependent variables at the intermediate
points are obtained from the following equations:

A +1/3 = Pi

07+ 1/3 Pj'

Pi + 2/3 — Pi +1/3

Ui + 2/3 =Ui+\/3

2 2_
i + 2/3 ~ ——— T / + 2/3 — i+l ~ ~~ T /7-1 7-1

Pi + 2/3 Pi+l

P/+2/3 P/+1
(6)

where
C=(yp/p)1

Equations (6) constitute a system of six equations and can be
solved to yield the six dependent variables (p/+i / 3 , M / + I / S ,
A + i/3, p /+2 /3» w / + 2 / 3 > P/+2/3) *t the intermediate points. The
relationship between the dependent variables at the in-
termediate points in phase space and the dependent variables
Qi and Q /+1 can also be expressed as

Q. + 2/3 = Q. + 2/3 (Q. y Qi+l) (7)

The exact functional forms of the relationships in Eqs. (7)
can be found in Refs. 1 and 2.

Denoting the eigenvalues corresponding to the three sub-
paths (/, /+ 1/3), ( /+ 1/3, i + 2/3), and (/ + 2/3, /+ 1) as X(1),
X(2), and X(3), we have

(8)

(i + 1/3) (i + 2/3)

(•Q/+1 CdE
= !«, be J

Then, A£+ can be written as

A£+ = (AE+ )<

where

(9)

(10)

1 -Ei+2/J)

k •_ = 1, if X-(y)
r_

= 0, if X/i>0-_

Similarly, AE~ can be written as

where

7=1,2,3 (11)

)(3) (12)

(j- l (13)

Equations (11) and (13) do not account for the cases in
which the eigenvalue changes sign within a given subpath.
Consider the case in which X(1) changes sign along the sub-
path (/,/+l/3). Let the point denoted as /+1/6 in Fig. 1
represent the point in phase space at which X(1) is equal to
zero. Then, the following relationship is true at /+1/6:

u —r — 0 C\A\W/+1/6 c /+ l /6~ U V14)

The dependent variables at point /+1/6 can be easily deter-
mined from Eqs. (6) and (14). The expression for (AE+ )(1)

now becomes

(15)

(16)

(17)

(18)

where

^i+C/-l) /6, i +7/6=1. if XP+>a_1)/6,X^/6>0

= 0, if Xi1
+)0._1)/6,X%y6<0 7=1,2

and (AE~ )(1) can be written as

where

*77+ 1/6./+ 1/3 1/6./+ 1/3

Fig. 1 Subpaths in phase space.

The treatment of the case in which X(3) changes sign in the
subpath (/ + 2/3, /+ 1) is very similar. Further details of the
explicit, first-order-accurate Osher scheme can be found in
Refs. 1 and 2.
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For a fully implicit scheme, it is required that the fluxes be
evaluated at the (« + l)th time level. However, evaluation of
the fluxes at the («+l)th time level results in a system of
nonlinear equations that, in general, needs to be solved in an
iterative manner. To develop a set of linear implicit equa-
tions that can be solved in a noniterative fashion, it is
necessary to linearize the numerical fluxes with respect to
time ( t ) . The resulting set of equations is a linearized form
of the fully implicit scheme. The numerical flux £f+V/2 can
be written, using Eqs. (5) and (9), as

(19)

Consider the linearization of (A£T+ )n + l:

CdE^ ^
- be J,AG'J

(20)

For the sake of simplicity, the cases in which the eigenvalues
change sign within their associated subpaths have not been
included in Eq. (20). However, the linearization procedure is
similar even under such conditions. The terms AQ /+1/3 and
AQ/+2/3 can be related to AQ; and AQ /+1. This relationship
is established by differentiating Eqs. (7). The resulting equa-
tions can be written as

(21)

where Mf ti/3i/, A*?+i/3 , /+i, A*?+ 2/3,1. and MF+2/3,/+i are Jaco-
bian matrices obtained from differentiating Eqs. (7) and are
given by

do

A different method of obtaining the Jacobian matrices is
given in Ref. 4. Substituting Eqs. (21) into Eq. (20) gives

A similar linearization of (AE~)n + l is required to linearize
the numerical flux Ef^/2. It is clear from Eq. (22) that the
linearization of the numerical flux associated with the Osher
scheme is a tedious procedure and will require a great
number of arithmetic operations.

An extremely simply linearization is obtained if the follow-
ing approximation is made:

/dE
Vao

dQ

8Q

d(E-)
(23)

The justification for this approximation can be found in Ref.
5, although in a different context. Substitution of Eqs. (23)
into Eq. (5) yields

17 _ J7+_i_ /?- OA\jC/+l/2 ~rLi ^-c/+l v^4/

Note that Eq. (24) defines the numerical flux for the first-
order-accurate split-flux scheme of Steger and Warming.5

Linearization of Eq. (24) yields

(25)

Substituting Eqs. (23) into Eq. (25) results in the following
linearization of the numerical flux:

where

=f—V.laoJ A- = a/n-

(26)

(27)

The approximate linearization introduced in Eqs. (23) has
been found to result in an upper limit on A/^ for stability in
calculations with the split-flux scheme.6 However, in two
and three dimensions, the stability limit imposed by approx-
imate factorization can be much more restrictive than that
imposed by Eqs. (23).

The implicit method obtained using the preceding
linearization [Eq. (26)] can now be written as

At
——

(28)

where A and V are forward and backward difference
operators, respectively. Note that the numerical flux £f+1/2
used in Eq. (28) is obtained from Eq. (5) and not from Eq.
(24); i.e., the left-hand side of Eq. (28) corresponds to the
split-flux scheme and the right-hand side of Eq. (28) cor-
responds to the Osher scheme.

The Implicit Scheme in Two Spatial Dimensions
Consider the unsteady Euler equations in two dimensions:

Qt+Ex+Fy = 0

The vectors Q, E, and F are given by

pu

p + pu2

puv

(29)

e=
p
pu

pv
TJ __

(e+p)u

TJ __

pv

puv

p + pv2

( e + p ) v

(30)
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where p is the density, p the pressure, u and v the velocities
in the x and y directions, respectively, and e the total energy
per unit volume,

7-1 2

Under the independent variable transformation

Equation (29) transforms into

where

(31)

(32)

(33)

= Q/J

J=%xily-rix£y (34)

The notation E(Q,%) and F(Q,rj) is used to show the
dependence of these quantities on the metrics of the
transformation.

A conservative finite difference scheme for Eq. (33) can be
written as

Qll ~Qu
AT AT?

(35)

where Ef+l/2j and F/^+1/2 are numerical fluxes consistent
with the transformed fluxes E and F, respectively. As in the
one-dimensional case, the difference scheme [Eq. (35)] is ex-
plicit when m = n and implicit when m=n+l.

The numerical flux Ei+l/2j for the first-order-accurate
Osher scheme is given by

dE
(36)

The numerical flux F/y+1/2 can be obtained from Eq. (36) by
replacing F and £/+i/2 x /- with F and i?/j+i/2 , respectively. The
evaluation of the integral in Eq. (36) is very similar to the
procedure adopted in the one-dimensional case. Further
details of the scheme in two dimensions can be found in
Refs. 1 and 2.

By linearizing the numerical fluxes E"+\/2j and F?j+i/2
with respect to the time-like variable r and making approx-
imations of the type in Eqs. (23-27), the implicit scheme in
two spatial dimensions and in generalized coordinates
becomes

"i-\/2J ij-l/2 (37)

where

Similar to Eq. (28), the left-hand side of Eq. (37) cor-
responds to the split-flux scheme and the right-hand side
(RHS) corresponds to the Osher scheme. However, a natural

linearization of the Osher numerical flux, though imprac-
tical, can be obtained just as in the one-dimensional case.
The final form for the proposed implicit Osher scheme [ob-
tained by factoring Eq. (37)] is given by

AT

= RHS of Eq. (37)

AT
~^~ \*QL

(38)

A Spatially Second-Order-Accurate Version of the Scheme
The first-order-accurate schemes described above are in-

sufficient to produce accurate results for a general class of
problems. The explicit, second-order-accurate, total-varia-
tion-diminishing (TVD) version of the Osher scheme is
developed in Ref. 2. The explicit scheme consists of a
predictor-corrector sequence and is second-order accurate in
both time and space. It employs flux limiters to achieve the
TVD property. Further details of the scheme can be found in
Ref. 2.

The implicit, spatially second-order-accurate scheme de-
veloped in this study takes the form

H/2J' 'J-1/2J i,j- 1/2

A,,

AT

AT
2Arj

AT

(39)

To obtain Eq. (39), the terms that contribute to second-order
accuracy in space (AF± and AF*) have been evaluated at the
«th time level, and, hence, their time derivatives do not ap-
pear on the left-hand side of this equation. This results in
block-tridiagonal matrices on the left-hand side of Eq. (39)
instead of block-pentadiagonal matrices. In addition, ap-
proximations of the type made in Eqs. (23-27) have also been
used in obtaining Eq. (39).

The implicit scheme given by Eq. (39) does not employ
flux limiters and, in general, will result in spurious oscilla-
tions near captured discontinuities. It can be made to yield
an almost oscillation-free solution at convergence (if the
solution converges) by replacing AF* and AF± in Eq. (39)
by the modified values AF* and AF±, respectively. The
modified fluxes are obtained as follows (the procedure is
similar to the one used for the explicit scheme in Ref. 2); an
entropy function V(Q) is defined as

(40)
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The gradient of the entropy function with respect to the
dependent variables is given by

l
-pu, -pvy p\ (41)

The modification of the fluxes is done one subpath at a time.
Defining DF^W) (the change in VQ along the subpath m) as

= 1,2,3 (42)

the modified fluxes (A£+ ) ( w ) and (AE~ ) ( m ) along this sub-
path are evaluated from

x max [0,min(</>,7V/£>) ]

where

(43)

and (44)

takes the form

= -[ Qp-( ?+1/2-^-1/2) (47)

where p denotes the iteration number and Qp is an iterative
update of Qn + l. When p = 0, Qp = Qn and, when Eq. (47)
converges, Qp = Qn + l. It is of interest that the left-hand side
of Eq. (47) becomes zero at convergence for every integra-
tion step. This implies that Eq. (4), with m = n+\ [which
corresponds to the right-hand side of Eq. (47)], is satisfied
at each integration step. Hence, the monotonicity property is
restored with the help of an iterative loop at each time step.
A second point of interest is that the iterative scheme reverts
to the noniterative scheme [Eq. (28)] when only one itera-
tion is performed.

The second-order-accurate counterpart of Eq. (47) in two
spatial dimensions is given by

AT
A? *

~r-^<AT? '

Ef+l/2J-E?_l/2J

AT

xmax[0,min(</>,7V/Z>)]

where

(45)

1.0<0<2.0

(46)

The symbols < > in Eqs. (44) and (46) represent the inner
product of the two vectors contained within them. The
modified values of AF* are obtained in a similar manner.

A Newton-Iterative Approach to Solving the
Nonlinear Equations

Equation (28) is a linearized form of the nonlinear implicit
finite difference equations presented in Eq. (4) (m = /?+!).
The solution of Eq. (28) only approximates the solution of
Eq. (4). The discrepancy between the two solutions can be
large when the time rate of change of the solution is large
(such as a shock moving rapidly through the grid or during
an initial transient) or when the integration step size is large.
Some of the desirable properties of the nonlinear equations,
such as the monotonicity property that Eq. (4) possesses
both in the explicit and implicit modes, may be lost upon
linearization. The monotonicity of the solution is restored
only when the solution converges to a time-asymptotic limit.
However, the numerical oscillations obtained in the vicinity
of discontinuities (in the transient stages) as a result of solv-
ing the linearized equations may become large enough to ter-
minate the calculation (because of nonphysical solutions
such as negative density) at large CFL numbers. Hence, it is
advantageous to be able to solve the nonlinear equations at
each time step. This can be done by adopting a Newton-
iterative technique. The equation set that results upon per-
forming a Newton linearization of Eq. (4) (with m = n+\)

A,,

AT

~ ( QiJ+ , ,QiJ+2 ,r,ij+ 1

(48)

In two dimensions, the iterative approach has the added ad-
vantage that the factorization error is driven to zero at each
step, if the iteration converges. It has also been found that
the iterative approach enhances stability; that is, it is possible
to use larger CFL numbers than with noniterative schemes.
It should be noted that, although the iterative approach per-
mits the use of larger CFL numbers, there still exists a CFL
limitation because at very large CFL numbers the iteration
cycle may not converge due to factorization error. This prob-
lem can be overcome by resorting to relaxation methods that
do not require factorization.7 The primary disadvantage of
the iterative approach is the added computation that the
iterations require. This is offset to some extent by the larger
step sizes that are possible with the iterative scheme. A sec-
ond, but less limiting, factor is the increased storage require-
ment (one extra level to store Q").



740 M. M. RAI AND S. R. CHAKRAVARTHY AIAA JOURNAL

Conservative Property of the Implicit Schemes Developed
in this Study

Consider the finite difference form of the one-dimensional
Euler equations given in Eq. (4):

Ax
(49)

where Erj\l/2 is the numerical flux consistent with the
physical flux E. The numerical fluxes "telescope''; i.e., given
a set of consecutive grid points r...s, the sum

reduces to

h l / 2 (50)

Equation (50) is a statement of global conservation of flux,
since no residual fluxes (corresponding to points in the in-
terior of the region r...s) are generated in the summation
process, and Eq. (49) is a statement of local conservation of
flux. Therefore, an integration scheme that can be expressed
as in Eq. (49) with the help of numerical fluxes is
conservative.

Both the explicit [m = n in Eq. (49)] and nonlinear im-
plicit schemes [m = n+\ in Eq. (49)] are, from the above
discussion, conservative. The linearized implicit form given
in Eq. (28) can also be shown to be conservative by defining
a modified numerical flux as follows:

Equation (28) can now be written as

Ax

(51)

(52)

The conservative nature of Eq. (28) is now apparent. An
identical procedure can be used to demonstrate that Eqs. (38)
and (39) are also conservative in nature in their unfactored
forms.

Earlier it was required that the numerical flux Ef+l/2 be
consistent with the physical flux E. The numerical flux for
the explicit, fully implicit, and linearized implicit schemes
can all be written in the form

Consistency implies that

=E(Q)

(53)

(54)

Results and Discussion
Results are presented in this section for inviscid problems

in one and two dimensions. The test cases include quasi-one-
dimensional nozzle flow and supersonic flow past a cylinder.
First-order-accurate results are presented for the nozzle and
second-order-accurate results are presented for the cylinder
problem.

Quasi-One-Dimensional Nozzle Flow
The first problem consisted of quasi-one-dimensional flow

through a diverging nozzle. The area variation of the nozzle
is given by

linear variation of the dependent variables between the inlet
and exit conditions was assumed for the initial conditions.
The equations of motion were then integrated to convergence
using both the implicit scheme given by Eq. (28) (scheme A)
and the implicit scheme that uses the "true" linearization of
the Osher numerical fluxes, as in Eq. (22) (scheme B). The
calculation was performed on an equispaced grid. The
boundary conditions used at the two ends of the nozzle are
also implicit in nature; see Ref. 8.

The integration was performed at a constant At of 0.187
(which corresponds to a CFL number v between 14.0 and
15.0). Figure 2 shows the variation of the density as a func-
tion of the axial distance along the nozzle after 20 integra-
tion steps, obtained with schemes A and B. Clearly the tran-
sient solutions obtained with the two schemes are very nearly
the same. Apparently, the approximations made in lineariz-
ing the numerical flux [Eqs. (23)] have a negligible effect on
the time-accuracy of the solution for the case considered.
One might suspect that any discrepancy between the two
transients would increase with increasing A/, since it is in the
time linearization that the two methods differ. Clearly, such
a discrepancy has not surfaced even at CFL numbers of ap-
proximately 14.5. It can also be seen that the transient solu-
tions obtained at large values of v are not monotonic (Fig. 2)
in spite of the first-order accuracy of the method. However,
the oscillations in the density profile are small.

Figure 3 shows the density profile obtained at con-
vergence. The convergence criterion chosen was

!Ap / lm a x<5xlO-4

The implicit calculations were made at a CFL number of
15.0 and the explicit calculation at a CFL number of 0.99.

.2 .4 .6 .8 1.0

Fig. 2 Density distribution along the length of the nozzle after 20
integration steps.
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——— SCHEMES A & B
&THE EXPLICIT SCHEME

- - - EXACT SOLUTION

.2 .4 .6 1.0

The inlet conditions were supersonic (M/ = 2) and the exit
pressure was specified so that a shock occurred at Jt = 0.5. A

Fig. 3 Density distribution along the length of the nozzle at
convergence.
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SCHEME A
O SCHEME B

——— EXPLICIT OSHER SCHEME

= 5x

100 200 300 400 500
NO. OF TIME STEPS, n

600 700

Fig. 4 Convergence history for the nozzle calculation (implicit and
explicit calculations).

FREESTREAM
CONDITIONS

SUPERSONIC
EXIT BOUNDARY

CYLINDER

SYMMETRY BOUNDARY

Fig. 5 Grid used for the cylinder calculation.

Fig. 6 Isobars ob-
tained at conver-
gence for the
cylinder (second-
order-accurate
scheme).

All of the schemes yield identical converged results, as
should be expected. The shock is sharp as guaranteed by the
first-order-accurate Osher scheme and occurs over three
mesh intervals. Figure 4 shows the convergence history for
the explicit Osher scheme and schemes A and B. The implicit
schemes converge about 8.7 times faster than the explicit
scheme. However, scheme A required three times as much
computing time as the explicit scheme per integration step
and, hence, the actual computing cost is reduced by a factor
of 2.9. Scheme B, on the other hand, requires four times as
much computing time as the explicit scheme per integration
step.

Time steps corresponding to CFL numbers greater than 16
resulted in unstable calculations with both schemes A and B.
This instability is due to the invalidity of the time-
linearization procedure in the presence of rapidly moving
discontinuities (the linear initial profile in the preceding ex-
ample develops into a shock at x = 0.3 and the shock then
moves to its steady-state position at * = 0.5).

Cylinder in a Supersonic Freestream
To determine the acceleration in the convergence rate that

can be obtained with the implicit scheme in two-dimensional
problems, the flow associated with a cylinder in a supersonic
freestream (M=2) was calculated. The grid used for the
calculation is shown in Fig. 5. The dependent variables at all
of the grid points were initialized to their freestream values.
The equations of motion were integrated using both the ex-
plicit and implicit Osher schemes until the solution con-
verged to its steady-state value. The first-order-accurate
scheme is insufficient to yield accurate results in all cases. In
order to obtain reliable results for a wide range of problems,
it is necessary to use the second-order-accurate version of the
scheme. Hence, the cylinder calculation was performed with
second-order-accurate fluxes that were modified using the
flux-limiting techniques described earlier. Implicit boundary
conditions of the type described in Ref. 9 were used at the
cylinder surface for the implicit calculations. Figure 6 shows
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10

———— EXPLICIT SCHEME (v = 0.7)
———— IMPLICIT SCHEME (v = 10.0)

10"

10-2

10-3

\

\
\

\
\

N
\
\

\

400 800 1200 1600
NO. OF TIME STEPS, n

2000

Fig. 7 Convergence history for the cylinder calculation (explicit and
implicit second-order-accurate calculations).

the pressure contours obtained at convergence with the
second-order-accurate implicit scheme. The pressure con-
tours obtained with both the implicit and explicit schemes
were almost identical. The shock is seen to be almost
oscillation-free. The square symbols in Fig. 6 represent the
shock position predicted by another numerical approach.10

The captured shock occurs directly on top of the predicted
shock.

Figure 7 displays the convergence history for the explicit
and implicit schemes. The convergence criterion chosen was

lA P / J l m a x <5x lO- 4

The explicit scheme took 1400 steps to converge, whereas the
implicit scheme took only 177 steps. Thus the use of the im-
plicit scheme increased the overall convergence rate by a fac-
tor of 7.9. Both the explicit and implicit codes were fully
vectorized for use on the CRAY-XMP machine. The explicit
and implicit calculations required 2.86 and 3.77 s of com-
puting time per 100 steps, respectively. Since the implicit
scheme requires approximately 1.32 times as much com-
puting time as the explicit scheme per integration step, the
computing cost is decreased by a factor of 6 using the im-
plicit scheme. A CFL number of 0.70 was used for the ex-
plicit scheme (the maximum allowable CFL number being
approximately 0.71). The implicit calculation was performed
at a CFL number of 10.0. Time steps corresponding to CFL
numbers larger than 10.0 resulted in longer convergence
times for the implicit code, and eventually at a CFL number
of 25.0 the code exhibited unstable behavior. Both the
decreased stability limit and the existence of a rather small
optimal CFL number are probably because of the explicit
treatment of the terms that contribute to second-order
spatial accuracy, i.e., inaccurate linearization, and also fac-

EXPLICIT SCHEME (^
IMPLICIT SCHEME (v

0.7)
10.0)

10-8
400 800 1200

NO. OF TIME STEPS, n
1600 2000

Fig. 8 Variation of residue in the continuity equation with integra-
tion step.

torization error. Figure 8 shows the variation of the
magnitude of the maximum residue R in the continuity equa-
tion as a function of the number of integration steps

#=[RHSofEq. (39)]/Ar

The implicit scheme reduces R by seven orders of magnitude
in 400 steps. Both curves are almost linear and the ratio of
the average slopes is approximately 13.5 (implicit to explicit).

It should be kept in mind that calculations on almost
equispaced grids, such as the one used in this calculation, are
severe tests cases for studying the improvement in con-
vergence rates that can be obtained with implicit schemes.
The full potential of an implicit scheme can be realized only
on a grid in which the mesh spacing varies widely.

As in the one-dimensional case, oscillatory behavior of the
dependent variables in the vicinity of the shock was observed
at large CFL numbers with the implicit scheme (in the tran-
sient stages). Both the factorization and linearization errors
and the oscillatory behavior of transient solutions obtained
with the implicit schemes developed in this study can be
eliminated by using a Newton-iterative approach that solves
the nonlinear implicit equations at each step. Figure 9 com-
pares pressure distributions in a direction normal to the body
surface (obtained after 25 integration steps). The pressure
distributions are plotted along the symmetry line and a radial
line inclined at 45 deg to the symmetry line. A comparison is
made between the results obtained from the noniterative and
iterative schemes. The initialization and boundary pro-
cedures used for the iterative scheme were the same as in the
previous case. Five iterations were required at each time step
to decrease the maximum residual by at least one order of
magnitude at all of the grid points. The two pressure varia-
tions of Fig. 9 can be directly compared since they occur at
approximately the same time. The absence of oscillations in
the iterative calculation is clearly seen. The converged solu-
tion was, as expected, identical to the one obtained with the
noniterative scheme.
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Fig. 9 Comparison of transient pressure distributions obtained with
the iterative and noniterative schemes.

The principal disadvantage of the iterative scheme is the
excessive computing time required per integration step
because of the iterative nature of the scheme. However, the
larger step sizes that are possible with the iterative scheme
offset the additional computing cost (due to the iterations) to
some extent. For example, at a CFL number of 15.0 and
with two iterations per step, the iterative scheme converged
in 155 steps. A detailed study of the iterative approach and
the computer costs incurred in such calculations will be in-
cluded in a future article.

Conclusions
The Osher scheme is a conservative, upwind, finite dif-

ference scheme. It has been found to be robust, with an ex-
cellent shock-capturing capability, and, because of the up-
wind differencing that it uses, models the physics of the
problem correctly. However, in its explicit form it is
restricted to CFL numbers less than 1.0 in one-dimensional
problems and less than 0.71 in two-dimensional problems. In
addition, the scheme requires many more arithmetic opera-
tions per integration step than simple central-difference
schemes. Hence, it is computationally expensive to use.

Implicit forms for the first-order- and second-order-
accurate Osher schemes are presented in this study. The
equations are developed for the unsteady Euler equations in
one and two dimensions (and in generalized coordinates for
the two-dimensional case). Extending the scheme to three
spatial dimensions is straightforward. The implicit schemes
permit the use of larger CFL numbers (relative to explicit
schemes) and thus accelerate convergence rates. Test cases
used to demonstrate improvement in convergence rates in-
clude inviscid, quasi-one-dimensional nozzle flow and in-
viscid supersonic flow over a cylinder. The use of the im-
plicit schemes accelerated convergence rates by almost an
order of magnitude in most cases and resulted in con-
siderable reductions in computing costs, thus justifying the
development of the implicit forms.

To make the system of nonlinear implicit equations
solvable in a noniterative fashion it is necessary to linearize
the system of equations. Some of the desirable properties of
the nonlinear system, such as monotonicity or the total
variation-diminishing property, may be lost upon lineariza-
tion. A Newton-iterative scheme that permits the solution of
the nonlinear equations at each time step is developed in this
study. A calculation demonstrating the restoration of the
nonoscillatory behavior of the solution with the use of the
iterative scheme is included. The iterative scheme has the
added advantage that the factorization error is reduced to zero
at every time step.
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